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Abstract 
The generation of the below threshold harmonics (BTHs) under different driving 
laser intensities is investigated. The linearly shifting of photon energy and resonantly 
enhancement of photon yield of the harmonics from 23rd (H23) to 27th (H27) are found by 
changing the laser intensity around 18.6 TW/cm2. It is identified that this driving laser 
intensity dependence is due to the transient ac Stark-shifted resonance between the first 
excited state and the ground state. With this transient ac Stark, the linearly shifting of the 
photon energy can be interpreted very well by considering the sub-cycle electron 
dynamics for BTH generation, which shows that the generation of the BTHs is 
surprisingly similar to the plateau harmonics. 
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High-order harmonics generated by the interaction of extremely intense laser field 
with noble and simple polyatomic gases have been extensively studied and utilized to 
produce an intense coherent XUV or X-ray light source [1-3] to synthesize isolated 
attosecond pulses (IAPs) or attosecond pulse trains (APTs) by synchronizing harmonics 
near the cutoff region [4] to probe ultrafast dynamics of tunneling ionization (TI) and 
rescattering of electron wave packet (EWP) of molecules and atoms with attosecond 
precision [5-8]. The process, which is frequently referred to as high-order harmonic 
generation (HHG), has been intuitively clarified by Corkum’s three-step model [9]. To 
fully understand this process, a quantum mechanical theory by solving the time dependent 
Schrödinger equation (TDSE) with the strong field approximation (SFA) is also 
developed to precisely describe HHG [10]. In this SFA model, only the ground state is 
considered which means the effect of the energy structure of the atom is neglected. 
So far, the effect of the energy structure is mainly investigated by numerically 
solving the time-dependent Schrödinger equation (TDSE). In the previous work, the 
resonance enhanced HHG [11-20] and the effect of the prepared excited state or the 
mixing state [21-24] are mainly investigated. In these works, the second order ac Stark 
shift is considered. With the second order ac Stark shift, the energy level will change with 
the laser ponderomotive energy which is proportional to the laser intensity [25, 26]. With 
this physical picture, the resonance enhanced HHG should satisfy the condition [12, 20] 
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Where Up is the pondermotive energy of the laser field, Enp is the energy level of the 
np state, E0 is the fundamental state of the atom, qℏω is the photon energy of the q order 
harmonic.  With this formula, the energy level shift is decided by the laser intensity 
which has no sub-cycle dynamics. 
Recently, the behavior of the high order harmonics around the ionization threshold 
are investigated [27-32]. Although BTH generation is largely incompatible with the 
three-step model of HHG, the surprising result is that these harmonics are still arised from 
a non-perturbative process [30, 31, 33]. The XFROG characterization shows that the BTH 
has a clear non-perturbative negative GDD and the mechanism for BTH generation is 
similar to the semi-classical re-scattering process responsible for plateau harmonics. It is 
also found that the effects induced by the Coulomb potential also have a critical impact 
on these harmonics [34]. 
In this work, we investigate the BTH generation with the mid-infrared (MIR) laser 
by numerically solving the time-dependent Schrödinger equation (TDSE) in the 
single-electron approximation. We find that the yield and the photon energy of the BTH 
are greatly dependent on the laser intensity. It is identified that this dependence is due to 
the ac Stark-shifted induced transient energy shift between the first excited state and the 
ground state. With this transient ac Stark shift, we show that the behavior of the BTHs are 
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surprisingly similar to the plateau harmonics, which also needs the three-step model [9] to 
shed light on the sub-cycle electron dynamics. 
The one-dimensional (1D) TDSE is numerically solved for calculating the dipole 
oscillations generated by the MIR laser pulse [35, 36]. In this work, the soft-core potential 
is used to model the helium atom, V(x) = -1/(x 2+b)1/2, where the soft-core parameter is 
set as b = 0.4371, which give the ground state energy -0.91 a.u. (atomic unit), close to that 
of the helium atom and x is the position of the electron. The energy difference between 
the ground state and the first excited state is 16.16 eV. The laser field used in this work is 
assumed to have a constant envelop of 14 cycles with one cycle for turn-on and one cycle 
for turn off, E(t) = f(t)E0cos(ωt), where f(t) is the envelope of the laser pulse, E0 is the 
electric field of the laser pulse, ω = 2πc/λ is the angular frequency, and λ is the central 
wavelength of the laser pulse. In this work, the laser wavelength is λ= 2000 nm. 
In this work, we mainly focus on the BTH generation around the energy difference 
between the ground state and the first excited state, 16.16 eV, as shown in Fig. 1(a). In Fig. 
1(a), we show the BTHs with the photon energy from 12 eV to 19 eV generated by the 
laser intensity from 0.2 TW/cm2 to 120 TW/cm2, in which the white dashed lines indicate 
the photon energy position of harmonics from H23 to H29. 
From Fig. 1(a) we can see, until the laser intensity is larger than 90 TW/cm2, the 
generated harmonic peaks become very clear. But there are several harmonics can be 
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clearly seen around the photon energy of 16 eV for the laser intensity from 0.2 TW/cm2 to 
40 TW/cm2. These harmonics appear at very low laser intensity, and their photon energy 
positions decrease almost linearly as the increasing of the laser intensity. To compare with 
the normal harmonics generated by the laser intensity higher than 90 TW/cm2, we show 
the harmonic spectra under the laser intensity of 18.6 TW/cm2 and 98 TW/cm2 in Fig. 
1(b). The solid-blue and solid-red lines represent the harmonics produced by the laser 
intensity of 18.6 TW/cm2 and 98 TW/cm2 respectively. For the laser intensity of 98 
TW/cm2, the generated harmonics are particular clear, while for the laser intensity of 18.6 
TW/cm2, only the harmonics located around 23rd, 25th and 27th are well visible. Besides, 
for both laser intensities, the harmonics around 25th (H25, 15.5eV) have almost the same 
yield, and they are stronger than their nearby harmonics. Another feature should be 
noticed is that the photon energy of the harmonic around H25 from 18.6 TW/cm2 is a 
little larger than that from 98 TW/cm2. From Fig. 1(a) we can see, the yield of this 
harmonic first increases gradually, reaches its maximum value, and then decreases to 
vanishing as the laser intensity increasing. The emission is strongest when the laser 
intensity is about 18.6 TW/cm2. When the laser intensity is approaching zero, the photon 
energy of this harmonic will reach 16.16 eV, which is equal to the energy difference 
between the ground state and the first excited state. With the increase of the laser intensity, 
the photon energy of this harmonic decrease almost linearly. Around the laser intensity of 
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18.6 TW/cm2, some emissions can also be seen near H27 and H23, separated by two 
photon energies respectively. We believe that these harmonics generation around 18.6 
TW/cm2 in Fig. 1(a) is enhanced by the resonance between the ground state and the first 
excited state. The photon energy difference of H25 between the laser intensity of 18.6 
TW/cm2 and 98 TW/cm2 is from the transient ac Stark shift. 
In the previous work [12, 20, 37], the ac Stark shift is considered, but only the 
cycle-averaged shift. The multiphoton resonance with MIR laser is also investigated [12, 
18, 38, 39], only the cycle-averaged ponderomotive energy proportional to the laser 
intensity is considered. In this work, we have to consider the transient Stark shift [37, 40]. 
In perturbation theory, as mentioned in [20], the second order Stark-shift can be written as 
below. For a certain atomic state |a> can be expressed as, 
( )
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Where e is the electron charge, E(t) is the electric field, and dka is the dipole 
transition element coupling the state |k> and state |a>. εk and εa are the energy level of 
quantum states |k> and |a>, respectively. Then the energy shift between the ground state 
and the first excited state induced by the Stark shift can be written as 
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Where “0” and “1” for the ground state and 1 for the first excited state respectively. 
Obviously, the energy shift between two states induced by the Stark shift changes linearly 
with the laser electric field squared. The maximum (minimum) of the laser electric field 
lead to the maximum (minimum) of the Stark shift. In this work, α equals to -17.8 a.u., 
which is about -0.0138 eV/(TW/cm2). 
For the three-step model of HHG [9], the electron is mainly ionized around the crest 
of the electric field and recombine to the ground state after a little time, while for the 
generation of the below-threshold harmonics, this ionization step should be replaced by 
the excitation of the electron from the ground state to its excited state. So, if the electron 
is resonantly excited to the first excited state around the crest of the oscillating electric 
field where the Stark shift is largest and recombine back to the ground state after a little 
time, the emitted resonance harmonic (RH) photon energy divided by the laser photon 
energy may not be round number. It will be a little larger than that of the normal 
harmonics because the Stark shift will be smaller at the combination time. With this 
physical picture, we can do following analysis based on the transient Stark shift. We 
assume that the electron excitation efficiency reaches its maximum when the laser field 
turns to its peak, like the tunneling ionization. Therefore, the time at where the laser 
electric field reaches its peaks can be treated as the beginning time (excitation time) Tb to 
generate the harmonics. In addition, at time Tb, if the Stark-shifted energy difference 
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between the ground state and the first excited state is equal to the odd times of the driving 
laser photon energy, the excitation efficiency will be greatly enhanced by the multiphoton 
resonance. In Fig. 2, the Stark-shifted energy difference Δε(t) is plotted as solid-red 
curves for laser intensities of 15.5 TW/cm2, 18.6 TW/cm2 and 21.9 TW/cm2, respectively. 
In the meantime, the energy position of the harmonics H23 to H27 is shown as the 
solid-carmine lines, and the laser field squared is plotted by the solid-blue curve. The 
excitation time Tb is indicated by the black arrow. Only one optical cycle of the laser 
pulse, from -0.5 O.C. (O.C. for optical cycle) to 0.5 O.C. is shown. The excited electron 
will recombine to the ground state around the time Tr. 
In Fig. 2, the Stark-shift energy difference between the ground state and the first 
excited state is ΔE = ε1 - ε0+Δε(t) = 16.16 eV +Δε(t). Here, ε0,1 is the free field atomic 
energy level, respectively. Δε(t) is the Stark shift calculated by equation (3). At the time t 
= 0.25 O.C., the laser intensities (solid red curves) from top to bottom are 15.5 TW/cm2, 
18.6 TW/cm2 and 21.9 TW/cm2, respectively. At the time Tb, if the laser intensity is small, 
e.g. 15.5 TW/cm2, the Stark-shifted energy difference ΔE is far from multiphoton 
resonance. The excitation rate will be small. As the increasing of the laser intensity, the 
Stark-shifted energy difference is getting closer to the resonance. When the laser intensity 
is around 18.6 TW/cm2, the Stark-shifted energy difference is perfectly resonant with 25 
driving laser photons, resulting the highest yield of the harmonic. This agrees with the 
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results shown in Fig. 1, where the strongest emission of the 25th harmonic around 16 eV 
happens at the driving laser intensity of 18.6 TW/cm2. As the driving laser intensity 
further increases, the Stark-shifted energy difference becomes away from the resonance 
gradually, resulting the decrease of the 25th harmonic yield.  
To quantitatively determine the photon energy shift of the released 25th harmonic 
with the three-step model and the time-dependent Stark shift, the recombination time Tr in 
Fig. 2 is needed, which is a little difficult to identify. In previous work for above 
threshold harmonics, this recombination time Tr can be obtained from the time-frequency 
analysis of the time-dependent dipole oscillation [41]. But this wavelet transformation has 
limited energy resolution or temporal resolution, therefore the resonant effect on below 
threshold harmonics is difficult to be identified. In this work, we use the short time 
Fourier transform (STFT) [42, 43] to determine the recombination time of the harmonics 
generated at laser intensity of 15.5 TW/cm2, as shown in Fig. 3. This STFT method has 
much higher temporal resolution and has successfully revealed the quantum dynamics of 
atomic hydrogen in intense laser field. In Fig. 3, only the results around the RHs are 
shown. The energy position of the RH is indicated by the dashed-white line and the 
Stark-shifted energy difference ΔE is shown by the solid-white curve. From the STFT 
result, the RH emitting all the time with a little different energy in keeping with the Stark 
shift. But only the photon energy marked by the dashed-white line has the constructively 
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interference to produce an emission peak. Here we simply use the intersection point of the 
dashed-white line and the solid-white curve to determine the recombination time Tr, as 
marked by the dashed-black line in the figure.  
So, the excitation time Tb and the recombination time Tr of the RHs can all be 
obtained now. As shown in Fig. 2, the excitation time Tb is shown by the black arrow, and 
the recombination time Tr is indicated by the dashed-black line. Around the excitation 
time Tb, the electron will be excited to the Stark shifted first excited state. With the 
increase of the laser intensity, the energy difference between the ground state and the first 
excited state will become smaller. After a while, at the recombination time Tr, the electron 
recombines back to the ground state. Because the electric field squared at this time 
becomes smaller than that of excitation time Tb, the energy difference between the ground 
state and the first excited state becomes larger, which will emit a photon with higher 
photon energy than that needed for the excitation. For example, around 18.6 TW/cm2, the 
electron absorbs 25 driving laser photons and is multiphoton resonantly excited to the 
first excited state. When the electron recombines back to the ground state and emit a 
harmonic photon, the photon energy of the harmonic will be a little larger than the sum of 
25 driving laser photons. It is obvious that the stronger the laser intensity, the lower the 
Stark-shifted energy, leading to smaller emitted photon energy of the RHs.  
Hence, when the laser intensity is closing to zero, the emitted photon energy of the 
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RHs will be equal to the non-Stark-shifted energy level. If we take this non-Stark-shifted 
energy difference as a reference, the energy shift for laser intensities from 1.7 TW/cm2 to 
33.7 TW/cm2 in Fig. 1(a) extracted as a function of the laser intensity is plotted in Fig. 
4(a), indicated by light-green-rectangle line. The Stark shift induced energy difference is 
calculated by the equation (3), considering the excitation time Tb and the recombination 
time Tr, indicated by the black-cycle line in Fig. 4(a). The well agreement between the 
two curves means the photon energy shift of the harmonics (H23 to H27) can be 
interpreted by the transient Stark effect and the recombination time retrieved from the 
STFT analysis is correct. In addition, when these two curves are plotted into the Fig. 1(a), 
as shown in Fig. 4(b), the agreement between the transient Stark effect and the TDSE 
result can be clearly seen. 
In conclusion, the resonantly enhanced BTHs generated by MIR laser pulse is 
numerically investigated. From the simulation, we found that the BTHs (from H23 to H27) 
yield is greatly enhanced around driving laser intensity of 18.6 TW/cm2 (from 0.2 
TW/cm2 to 40 TW/cm2) and their photon energies are strangely dependent on the laser 
intensity, decreasing with the laser intensity linearly. These BTHs may have been 
observed in previous works [44, 45], but no clear explanation is shown. With the transient 
ac Stark shift effect and the three-step model, we show that photon energy shifting of the 
BTHs can be explained quantitively very well by considering the excitation time Tb and 
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the recombination time Tr retrieved from the STFT time-frequency analysis, which 
surprisingly indicate that the behavior of the BTHs is similar to the plateau harmonics. 
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Figure Captions: 
FIG. 1. (a) the BTHs generated by different laser intensities. The white dashed lines 
represent the photon energy position of high harmonics from H23 to H29. (b) the 
generated high order harmonics under two laser intensities 18.6 TW/cm2 (blue-solid line) 
and 98 TW/cm2 (red-solid line). 
FIG. 2. The solid red curves show the Stark-shifted energy difference for different laser 
intensities, and the solid carmine lines show the energy position of harmonic orders H23, 
H25 and H27. The solid blue curve is the laser electric field squared as a function of time. 
FIG. 3. The STFT analysis of the time-dependent dipole. The dashed white line is the 
energy position, 15.9 eV, of the RH. The laser wavelength and the laser intensity used for 
the calculation of this RH are I0 = 15.5 TW/cm2 and λ = 2000 nm respectively. The 
solid-white curve is the Stark-shifted energy difference ΔE.   
FIG. 4. (a) the Stark shift Δε(t) and the energy shift of the harmonics retrieved from Fig. 1. 
The black-cycle line shows the Stark shift as a function of the driving laser intensity, and 
the energy shift is shown by the light-green-rectangle line. (b) the Stark-shifted energy 
difference and the energy shift of the RHs are plotted together with the harmonics in Fig. 
1(a). 
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FIG. 2. The solid red curves show the Stark-shifted energy difference for different laser 
intensities, and the solid carmine lines show the energy position of harmonic orders H23, 
H25 and H27. The solid blue curve is the laser electric field squared as a function of time. 
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FIG. 3. The STFT analysis of the time-dependent dipole. The dashed white line is the 
energy position, 15.9 eV, of the RH. The laser wavelength and the laser intensity used for 
the calculation of this RH are I0 = 15.5 TW/cm2 and λ = 2000 nm respectively. The 
solid-white curve is the Stark-shifted energy difference ΔE.   
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FIG. 4. (a) the Stark shift Δε(t) and the energy shift of the harmonics retrieved from Fig. 1. 
The black-cycle line shows the Stark shift as a function of the driving laser intensity, and 
the energy shift is shown by the light-green-rectangle line. (b) the Stark-shifted energy 
difference and the energy shift of the RHs are plotted together with the harmonics in Fig. 
1(a). 
 
